Advanced Simulation Methods

Chapter 5 - Gibbs Sampling

In this chapter, we will start describing Markov chain Monte Carlo methods. These methods are used
to approximate high-dimensional expectations

E.(6(X)) = / 6(2) 7 (2) da

and do not rely on independent samples from 7, or on the use of importance sampling. Instead, the
samples are obtained by simulating a Markov chain whose stationary distribution is 7. Gibbs sampling
and Metropolis-Hastings constitute the two main Markov chain Monte Carlo methods, from which most
of the other methods derive. We start with the Gibbs sampler.

1 Motivating Example: A Bayesian Hierarchical Model

The following (real) data give the number of failures (p;) over time intervals (¢;) of ten nuclear pumps.

Pump ¢ 1 2 3 4 5
# Failures p; 5 1 5 14 3
Times t; 94.32 15.72 62.88 125.76 5.24

Pump ¢ 6 7 8 9 10
# Failures p; 19 1 1 4 22
Times ¢; 3144 1.05 1.05 2.10 1048

We model the failures of the i—th pump as a Poisson process with parameter A;, thus, during an
observation period of length ¢;, the number of failures P; follows a Poisson distribution of parameters

Ait;. We are interested in inferring the parameters A1.19 = (A1,...,A10) from the data. We follow a
hierarchical Bayesian approach where we assume that, conditional upon some hyperparameters («, j3),
(A1,...,A10) are independent and follow a prior gamma distribution Ga(a, §) with density
a—1 1
p(Ni|B) = F(a))\? exp (—B\;) .

We assume that S follows itself a prior gamma distribution Ga(v, d). The other hyperparameters («,~, §)
are fixed to constant values (o = 1.8, v = 0.01 and § = 1), and hence are omitted from the conditioning
arguments.

In this context, the joint distribution of Ay.19, 8, P1.10 is

10 .
p (M0, B,p10) =2 (B)p (Nl B) ] WD exp(—Ait;)
i=1 v

and Bayesian inference relies on

P (A1:10, B, P1:10)
M. . = .
p( 1‘10’ﬁ‘p1'10) fp()\mo,ﬁ,pl:lo)d>\1:10dﬁ

This multidimensional distribution is rather complex. It is not obvious how the rejection method or
importance sampling could be efficiently used in this context. However the conditional distributions
p (A:10] p1:10, 8) and p (8| p1:10, A1:10) admit standard parametric forms. Indeed, we have

10
P (Ar0] praos trno, B) = [ [p (Nl pir 8)
i=1



where
Xil(B,pi) ~ Ga(p; + o, t; + ) for 1 < i <10, (1)

and p (5] p1:10, A1:10) = p (8| A1:10) where

10
BI(A1,- -, Aso) ~ Gal(y + 100, 6+ Y \i). (2)

i=1

In other words, these conditional distributions have a simpler form than the joint distribution on all the
parameters. Hence, instead of directly sampling the vector (A1,...,A10,3) at once, one could suggest
sampling it alternately, starting for example with the )\;’s for a given guess of 3, followed by an update
of B given the new samples A1, ..., A1p.

This sampling strategy raises several important questions.

e Is the joint distribution uniquely specified by the conditional distributions?

e Sampling alternately from these conditional distributions yields a Markov chain: the newly pro-
posed values only depend on the present values and not the past values. Does this provide a
Markov chain with the correct stationary distribution? Does the Markov chain converge towards
this invariant distribution?

We will see that the answers to both questions is yes under certain conditions.

2 Algorithm

The Gibbs sampler is a very popular technique in Monte Carlo simulation to sample from high-dimensional
distributions. Assume you are interested in sampling from the target density

7 () =7 (71,22, .., Ta) -

We use the standard notation @_; = (L1, ..., Ti—1, Tit1,y s Td)-

Algorithm. Systematic scan Gibbs sampler. Let (X{l),...,Xél)> be the initial state then
iterate for t = 2,3, ...

1 Sample X{ ~mx i, (X070, XYY,

j. Sample X](t) ~ XX (.|X{t)’...’X](t_)17XJ(i—11)’W’Xét—l)) .

d. Sample Xc(lt) ~ T XX (\ Xl(t)7 ...,Xg(ltzl)

The conditional distributions used in the Gibbs sampler are often referred to as full conditionals. A
popular alternative to the systematic scan Gibbs sampler is the random scan Gibbs sampler.

Algorithm. Random scan Gibbs sampler. Let (Xl(l), ...,Xc(ll)) be the initial state then iterate
fort=2,3,...

1. Sample an index J from a distribution on {1,...,d} (typically uniform).
2. Sample X ~ 7wy, x_, (-| X0 x D x ey, ...,X(Sf*”) and set X .= XY for k £ J.

Remark. It should be clear that several Gibbs samplers can be defined for a target distribution.
Consider for example 7 (w,y, z) where w,y,z € R then we can partition (w,y,z) into 3 components
(x1 = w,z9 = y,x3 = z) or in 2 components: z1 = (w,y), x2 = z or 1 = (w, 2), T3 =y or x1 = (y, 2),
To = w. As a rule of thumb, we usually favour Gibbs samplers where the number of components d is the
smallest.



3 The Hammersley-Clifford Theorem

An important property of full conditionals is that they fully specify the joint distribution under some
weak regularity conditions. This fundamental result was established in an unpublished Oxford technical
report by Hammersley and Clifford in 1970.

Definition 3.1. A distribution with density m (x1, %2, ...,24) and marginal densities wx, (x;) is said to
satisfy the positivity condition if for all x1,...,xq such that wx, (x;) > 0 we have 7 (21, T, ..., xq) > 0.

This condition implies that the support of the joint density is the Cartesian product of the support
of the marginal densities.

Theorem 3.1. (Hammersley-Clifford) Consider a distribution whose density 7 (x1, %2, ...,Zq) Satis-

fies the positivity condition. Then for any (z1, ..., zq) €supp(n), i.e. 7w (z1,...,24) > 0, we have

d
HWleX*j (:z:j\xl,...,xj_l,sz, ...,Zd)
TX;|X_; (Zj| L1 Tj—15 Z5+1, s Zd)

T (‘rlvav "'7Id) &
j=1

Proof. We have
(21,22, s Ta) = Tx,4x_y (Ta| T1, .0y 2g—1) T (21, T2, .0, Ta—1)

and similarly

W(xl,xg,...,xd,l,zd) = WXd\X,d (Zd|£L'1,...,(Ed,1)7T(SU1,.’E2, ...,xd,l) .
Hence
TXalX_a (de|$1,...,$d_1)

T XalX_a (Zd| L1, ...,J?d_l)

T (21,22, ..., 24) = T (21, T2, ..., Ta—1, 2d)

Txyxo (2] 20,0 20)  Txgx_, (a 21, Ta1)

=T (Z1,---y2d .
( T )7TX1\X,1 (Z1|Z2,~-,Zd) 7TXd|X,d(Zd|x17-~7xd71)

The positivity condition ensures that the conditional densities we introduce are non-zero. W

It is important to notice that Hammersley-Clifford theorem assumes that 7 (21,22, ...,xq) is a well
defined probability density. Not every set of full conditionals is compatible; i.e. there is no guarantee
that they define a probability density.

Example 3.1. Consider the following conditionals w x| x, (71| 22) = T2 exp (—x221) (i.e. an exponential
distribution of parameter x2) and T x| x, (1] x2) = r1 exp (—x122), defined on R*. We might expect that
these full conditionals define a well defined joint probability density « (x1,x2). However, Hammersley-

Clifford would give

T X1| X2 (71] 22) T Xo|X, (22| 1)
T X1]|Xo (Z1|22) T Xo| X1 (22|9C1)
_ zpexp (—2221) T1 exp (—x172)
 zpexp (—2021) Ty exp (—x122)

x exp (—x1x2) .

(21, T2, ..., Tq) X

The problem is that ffexp(—xlzrg) dzidry is not finite, so 7x,|x, (T1|72) = w2exp(—x221) and
T x,|X, (21| T2) = x1 exp (—x122) are not compatible.

Since the samples generated by the Gibbs sampler constitute a Markov chain, we can use the tools
introduced in the previous lecture notes to study the properties of the chain. A rich literature exists
on the theoretical properties of the Gibbs sampler under various conditions. We simply state the main
properties, namely that the generated samples allow the estimation of integrals with respect to m. The
fact that Gibbs sampling, and in general Markov chain Monte Carlo methods, are more efficient in high
dimension than, say, importance sampling, is beyond the scope of this course; but keep in mind that it
is essentially the reason why those methods are so popular.



4 Convergence of the Gibbs sampler

We first give the transition kernel of the Gibbs sampler. If z(®) := (xgt), .. (t)) then the kernel of the
systematic scan Gibbs sampler is simply
(1) L= x(H)) X -

K (a:(t_l),x(t)) =T x,|X_, (acgt) xétil),...,nglv X T X5 X o (xgt) xy,® sy Ty

O] 0,22, ). )

X T X41X_g (xd
For the random scan Gibbs sampler, where we pick the index j of the component to be updated uniformly
at random, we have

R0 0) =53 e (5

,t 1)) J 20D (36(2) (4)

(=1 The transition kernel (H) does not admit a density

where § 2D denotes the Dirac mass located at x S

with respect to the Lebesgue measure.

Proposition 4.1. The systematic scan Gibbs sampler kernel (B) admits m(x1,T2,...,xq) as invariant
distribution.

Proof. Indeed, we can prove that [, m (z¢~D) K (z=Y,2®) dz(t=1 = 7 (z®). To simplify ex-
pressions, we limit ourselves to the case d = 2. We have

/7r (x(t—n) e (x(t_l), m(t)) dat-D)

= /7r (1;“‘”) XX 1 (mgt)‘ J;gt*l)) X T X5 X s (xgt)‘ xgt)) dargtfl)dxgtfl)

= /71-X2 (x(zt_l)) X, X_, (xgt)‘ xgt_l)) X T X5 X s (xét)‘ xgt)) dasgt_l) (integrate x(t 1))

= / (Sc(lt)wét 1)) X T Xy|X 2 (xét)’ fg”) dT/gt_l) (as m (21, 22) = 7x, (T2) Tx,|x_, (z1]22))

=Ty, (xgt)) X T X5|X ( ‘ (t)) (integrate ;z:(t 1))
=7 (xg ),xét)) .

The proof is very similar for d > 2. B
Remark: We note that this transition kernel is not reversible; i.e. for d = 2 we have

r (ma—l)) K (xu—l), ;N)) 4 (xu)) K (x(t)’ x(t—l)) ,

A similar type of proof establishes that the random scan Gibbs sampler kernel (@) also admits
7 (21, X2, ...,q) as invariant distribution. It can be additionally proven that this kernel is reversible.

Establishing that the transition kernel admits 7 as invariant distribution is not sufficient. In partic-
ular, we also need the Markov chain to be m-irreducible if we want to have a law of large numbers. It is
easy to find example on which the Gibbs sampling chain is not irreducible.

Example 4.1. Reducible Gibbs sampler. Let w(x1,x2) be the uniform density on ([—1,0] x [—1,0]) U
([0,1] x [0,1]). For positive values of x1, the conditional x| x, (z2|x1) is supported on [0,1]. Similarly
for positive values of xa, mx,|x, (z1|x2) is supported on [0,1]. Hence if we start in the positive quadrant,
the algorithm will never reach [—1,0] x [=1,0]. The chain cannot be w-irreducible. In fact for this
problem, although m is a stationary distribution, there are infinitely many different stationary distributions
corresponding to arbitrary conver mixtures of the uniform distributions on ([—1,0] x [=1,0]) and on
([0,1] x_[0,1]). The target and the first steps of the chain generated by a Gibbs sampler are illustrated in
Figure



Figure 1: Gibbs sampler on a target 7 that does not satisfy the positivity condition.

Proposition 4.2. Assume 7 (x1,xo,...,2q) satisfies the positivity condition, then the systematic scan
Gibbs sampler yields a m—irreducible and recurrent Markov chain.

Proof. For any set A such that 7 (A) := [, 7 (z1,...,xq) dz1 ... dxg > 0, we have

P (X(t) c A‘ x(t=1) x(t—l)) :/ K (x(t—l)’x(t)) da®
A

:/TrX1|X71 (x(lt)
A

t t—1 t—1 t
where 7 x,|x_, (xg)’x; )7...7xfl )>,...77er|X7d (mfi)
sure. Hence we can conclude that

a:gt), . xétll) dz®

xgt), ...,x&tll) > 0 on a set of non-zero mea-

P (X(t) c A‘ X0-1 = x“*l)) > 0.

It follows that the chain is w-irreducible and actually strongly 7-irreducible. We have already established
that this kernel admits 7 as stationary distribution, hence it is also recurrent. H

It is also the case that if the transition kernel is absolutely continuous with respect to the dominat-
ing measure of the target distribution, then m-irreducibility and w-invariance implies Harris recurrence
(Theorem 2, Tierney 1994). Hence we have the following theorem.

Theorem 4.1. Assume the Markov chain generated by the systematic scan Gibbs sampler is m—irreducible
and recurrent (both conditions hold when the positivity condition is salisfied) then we have for any
integrable function ¢ : X — R:

1im1i§:¢(x<i>) :/X(b(x)w(x)dx

for m—almost all starting value X ).

This result ensures that we can approximate expectations E,(¢(X)) using a single Markov chain.
However this does not guarantee that for a finite number of samples ¢ the approximation will be good.

Example. Assume we are interested in sampling from a simple bivariate normal distribution; i.e.
X = (X1, X2) ~ N (i, X) where pu = (p1, p12) and

s_ (o »
p o3 )’

It is easy to establish that the Gibbs sampler proceeds as follows in this case



1. Sample Xft) ~N <u1 + p/o? (Xz(t_l) — ,uQ) 0% — p2/05>

2. Sample X ~ A (ug + p/o? ( ®_ Nl) p2/0'%> :

By proceeding this way, we generate a Markov chain X(*) whose successive samples are correlated. If
successive values of X () are strongly correlated, then we say that the Markov chain mixes slowly.

>0 4

Figure 2: Gibbs sampler on a bivariate normal distribution. Left: p = 0.1, right p = 0.99.

We consider the scenario 3 = pug =0, 02 = 03 = 1. As |p| = 1, we 05 —p?/o? — 0 and the chain will
move very slowly. Figure P illustrates this phenomenon, by plotting the first steps of a chain produced
by Gibbs sampling, for two values p = 0.1 and p = 0.99.

5 Data Augmentation

It is only possible to use Gibbs sampling when we can sample from the full conditionals. For many target
distributions of interest, this is not feasible. Thankfully in many scenarios of interest, in particular when
dealing with statistical models, it is possible to include a set of auxiliary variables Zi,...,Z, and an
associated probability distribution whose joint density 7 (21, ..., Zd, 21, ..., 2p) Satisfies

/ﬁ(ml, s By Z1y ooy Zp) AZ1.d2g = T (T1, ..., Tq)

and which is such that its full conditionals are easy to sample. Additionally for many statistical models,
these auxiliary variables have a “natural” interpretation.

5.1 Bayesian Inference for Mixture of Gaussians

Mixture of Gaussians are commonly used to model non-normal data. Figure

Assume you have independent data Y7, ..., Y, and each observation might come from one of K compo-
nents/populations. We assume that the distribution within the k-th population is a normal A/ (Mk, O']%),
and the probability of coming from the k-population is px. As we do not observe from which populations
the observations are coming, we have

K

Y0~ peN (s, 07)
k=1
where 0 = (p1,..., Pk, [i1, - K, OF, ..., 0% ). We are interested in inferring the parameter 6 from the

data. In a Bayesian framework, we set a prior

K
p(a) pla' - PK H ,u‘k‘aUk
k=1
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Figure 3: Typical observations that seem to come from a mixture model, here with two normal compo-
nents.

where p (p1, ..., px) is a so-called Dirichlet distribution D (1, ..., Yk ) where 1, ...,vx >0

which is defined on the simplex {(pl, s DK ) pi > 0 for any i, Zszl pE = 1} . We also use

p (ko) = p (uklop) p (%)

where p (Mk| U,%) =N (,uk; g, %) and p (ai) =10 (0]67 )\k+37 %k)

It appears very difficult to sample directly from the posterior p (8| y1, ..., yn ), and it is unclear how one
could implement a Gibbs sampling algorithm in this context. However, we can introduce some auxiliary
variables Z1, ..., Z, which tells us from which population data ith is coming from, i.e.

P(Zi=k)=ppand Y;| Z; =k ~ N (uy,07) .
Now we consider the extended target distribution p (0, 21, ..., 2n| Y1, ..., Yn) Which is such that

2 K
Pz, — Mz —
P(9,217~'~72n|y17~~7yn <H €xXp < 20_2 ) >> Hp”;/k !

k=1

AL +3
)\k ,uk — Ozk) 1 z 1 Bk

We can implement a Gibbs sampler updating (0, z1.,) by sampling alternately from P ( z1.,| y1.n,6) ,
P (P1in] Yiins 20y 12K, 07 ¢ ) = P (P1in| 21:n) and p (p1:K, 03| Y1in, Z1ms Prin ). We have

P(Zl:n‘ yl:n79) = HP(ZZ| Yis 0)
=1

where
P (2l y:,0) = iGXp(f(yﬁuz’:) /S%i))
S 2 exp (= (g — i) / (202))




and introducing

me= gy (z0) by = Y @il ()5 = Y (Wi — Tx)” Ly (21)

i=1 i=1 i=1
then we have the full conditionals

D1, apK| Zlin ™~ D(’Yl + nq, e VK + nK) )

2 A 3 Aesi+Brtsi—(Aktne) ' OpartneTe)?
0k|21;n,y1;n ~1ZG k+T2Lk+ , k i ( z ) ( ) ,

_ 2
2 ARk +nETy Ok
Lk Ok» Zliny Ylin NN( Mtnn )\k+nk)

It is thus easy to implement the Gibbs sampler in this scenario.

5.2 Bayesian Probit Regression

Assume that you have access to some data (%‘;yi)i:l where z; € R? is a set of covariates and
y; € {0,1}. A standard regression approach for binary responses consists of using the logistic regression.
We present here an alternative known as probit regression. In probit regression, we have

P(Y =1|z,0) :<I>(xTﬁ)

where 8 € R? is a set of regression coefficients and ® (u) = ﬁffm exp (—v?/2) dv. Assume we
additionally assign a normal prior p (8) = N (8; i, 2).

Given data (x;,9;);_, _,, Bayesian inference relies on the posterior
=Ly

p(Blyr. ) p(9) [12 (T8)" (1 - @ (T'3)) ™"

In this scenario, it is unclear how one could perform efficient rejection or importance sampling. Gibbs
sampling does not appear to apply either.
Now assume that we associate to each observation (x;,Y;) a latent/auxiliary variable Z; such that

v — 1 ifZ;>0
*7 1 0 otherwise.
We have now defined a joint distribution

p(yis zi| B xi) = p(yil z0) p (2i] 24, B) -

such that marginally, when we integrate out z;, we have
P(Y; = 1]2.8) = [ p(viz|6,0) da

= /Oo./\f(zi;x;fpﬁ,l) dz; = @ (2] B) .
0

We now propose to sample from the extended posterior

n n

P(Brz1s s 2l Y yn) < p (B) [ [ 2 (2l i, B) [ [ o (wil 2) -

i=1 i=1
To achieve this, we can use Gibbs sampling as the full conditionals p (8| y1, ..., Yn, 21, .- -5 2n) =0 (8] 21, - . .
and p (21, .., 20| Y1, s Yn, B) = [ 11—y P (2| i, B) are standard with

(B2, z) =N (875
where -1 =¥~ 4 S mal, = D (E_lﬂ + 3o xlzl) and

Ny (#78,1) ifyi=1
Zilyi, B~ { N_ (szﬂ’ 1) if y; = 0.

where N, (u,az), resp. N_ (u,az), is a normal N(,U,,02) restricted to (0,00), resp. (—o0,0).
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